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CHARACTERIZATION OF LOW DIMENSIONAL RCD*(K,N ) SPACES 


YU KITABEPPU AND SAJJAD LAK Z IAN 


Abstract. In this paper, we give the characterization of metric measure spaces 
that satisfy synthetic lower Riemannian Ricci curvature bounds (so called RCD* ( K, N) 
spaces) with non-empty one dimensional regular sets. In particular, we prove that 
the class of Ricci limit spaces with Ric > K and Hausdorff dimension N and the 
class of RCD*(K, N) spaces coincide for N < 2 (They can be either complete in¬ 
tervals or circles). We will also prove a Bishop-Gromov type inequality ( that is 
,roughly speaking, a converse to the Levy-Gromov's isoperimetric inequality and 
was previously only known for Ricci limit spaces) which might be also of indepen¬ 
dent interest. 
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1. Introduction 

In the past few decades, understanding Ricci limit spaces has been a central 
theme in geometric analysis. Ricci limit spaces are the metric spaces that are ob¬ 
tained as the pointed Gromov-Hausdorff limits of sequences of Riemannian mani¬ 
folds with uniform lower Ricci curvature bounds. Studying Ricci limit spaces is a 
key in understanding the metric and measure properties of Riemannian manifold 
with lower Ricci curvature bound. A deep theory of these spaces has been devel¬ 
oped over the years mostly by the work of Cheeger and Colding (see [11-14]). 
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A very interesting and still unanswered question regarding the Ricci limit spaces 
is whether they can be characterized solely based on their intrinsic metric (and 
measure) properties. For a Riemannian manifold ( M n ,g ), a lower Ricci curvature 
bound can be characterized solely in terms of the metric measure properties of 
the induced metric measure space, (M, d g , dvol, '), where d g is the distance induced 
on M” by the Riemannian metric g. It is by now well-known that, Ricm 11 > K is 
equivalent to metric measure space, ( M,d g ,dvol g ), satisfying CD{K,n) curvature- 
dimension conditions in the sense of Lott-Sturm-Villani (see the seminal papers [30, 

3 ,38]). The class of CD(K,N ) spaces is actually much bigger than the class of 
Ricci limit spaces (of Riemannian manifolds with dimension at most N and with 
Ric > K). In fact, there are Finsler manifolds that satisfy CD(K, N ) curvature- 
dimension conditions (see Ohta [33]) but from the work of Cheeger-Colding, we 
know that Finsler manifolds can not arise as Ricci limit spaces. 

In order to exclude Finslerian spaces, Ambrosio-Gigli-Savare [2] have introduced 
the notion of dimension-free Riemannian lower Ricci bound for possibly non-compact 
metric measure spaces with finite measures. Afterwards, Ambrosio-Gigli-Mondino- 
Rajala extended this notion to the non-compact metric spaces with u-finite mea¬ 
sures [3]. The dimensional Riemannian lower Ricci bound for metric measure 
spaces was later considered and investigated in Erbar-Kuwada-Sturm [19] and also 
independently in Ambrosio-Mondino-Savare [ ]. 

Roughly speaking, a CD(K,N ) metric measure space, ( X,d,m ), is said to sat¬ 
isfy the Riemannian curvature-dimension conditions (for short, we will call it an 
RCD(K,N ) space) whenever the associated weak Sobolev space W 1,2 is a Flilbert 
space. When W 1/2 is a Hilbert space, the space is said to be infinitesimally Hilbertian. 

In essence, infinitesimal Hilbertianity means that the heat flow and the Laplacian 
on these spaces (defined in [2] ) are Linear. It is readily verified that Ricci limit 
spaces are in fact infinitesimally Hilbertian. It is also a well-known fact that an in¬ 
finitesimally Hilbertian Finsler manifold has to be a Riemannian manifold which is 
a result of the Cheeger energy being a quadratic form. It is yet not known whether 
every RCD(K, N ) space is a Ricci limit space. 

Bacher-Sturm [6] introduced reduced curvature-dimension conditions CD* ( K , N) 
in order to get better local-to-global and tensorization properties. Every CD(K, N) 
space is also CD* ( K , N); conversely, every CD* ( K , N) space is proven to be a CD (K*, N) 
space where K* = for K > 0 (for K < 0, a suitable formula can be worked 

out for K*, see Cavalletti [7] and Cavaletti-Sturm [10] for more in this direction. 

In particular, CD(0,N) = CD*(0, N). As before, an infinitesimally Hilbertian 
CD*(K,N ) space is said to be an RCD*(K,N) space. Recently, a structure theory 
for RCD* (K, N) spaces has been developed by Mondino-Naber [32]. They prove 
that the tangent space is unique almost everywhere. Also from Gigli-Mondino- 
Rajala [23], we know that almost everywhere, these unique tangent spaces are ac¬ 
tually Euclidean namely isomorphic to (]R fc , df_ uc , C) (k might vary point-wise). 

Our first goal in this paper is to characterize RCD* ( K , N) spaces with 1-dimensional 
regular set IZi. The set 1Z\ consists of the points where the tangent space is unique 
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and equal to R (for a precise definition of Tlx, see Definition 3.1). We use the struc¬ 
ture theory developed by Mondino-Naber [32] and arguments similar to Honda [26] 
to prove the following characterization theorem. 

Theorem 1.1. Let ( X,d,m ) be an RCD*(K,N ) space for K G R and N G (l,oo). As¬ 
sume X is not one point and supp m = X. The following are all equivalent to each other: 

(1) Tlx / 0 , 

(2) 7 lj = <Z)for any j > 2, 

(3) mifJlf) = Q for any j > 2, 

(4) X is isometric to R, to R>o, to S x (r) := {x G R 2 ; |x| = r} for r > 0, or to [0, l] 
for l > 0. 

Moreover the measure m is equivalent to the 1-dimensional Hausdorff measure Ti 1 i.e. m 
can be zvritten in the form m = e^fTi 1 for a ( K, N)-convex function f (see Definition 2.1). 
In particular dim^ X G Z>o if (X, d, m ) is an RCD* ( K, N ) space that has Tlx 7^ 0- 

A direct corollary is the following: 

Corollary 1.2. Let ( X,d,m ) be an RCD*(K,N) space for K G R and N G [1,2). Then 
the statements as in Theorem 1.1 hold. 


Remark 1.3. On Ricci limit spaces, the conditions in Theorem 1.1 are also equivalent 
to 1 < dininX < 2 ( [17,27] ). So far we do not know whether an RCD* ( K, N ) space 
of the Hausdorff dimension n < N has the regular set 7 1^, n < k < N or not. 

In order to further understand the behaviour of the measure, we first show the 
following important Bishop-Gromov type inequality for RCD*(K, N ) spaces that was 
previously known for Ricci limit spaces [26]. 

Theorem 1.4. Let (X, d, m) be a metric measure space satisfying RCD* ( K , N ) condition 
and m-x, the boundary measure. For any point xo G X and any t > 0, we have 

m_x(dB t (x 0 )) < 2 ■ 5 n " 1 ■ m(B t (x 0 )) • ( 1 - 1 ) 

Jo S K , N (r) N - ] dr 

Let WAi be the set of points where there exists a tangent space of the form R x W 
for some proper space, W of strictly positive diameter (for a precise definition of 
>V<f. i, see Definition 3.1). Using the Bishop-Gromov type inequality (Theorem 1.4), 
we will prove the following. 


Proposition 1.5. Let 


Mx := 


<xGX; liminf 

[ r-> 0 


m(B r {x)) 

r 



Then, 


Wfx C Mx- 

and furthermore, if the modulus of continuity of x t—> m ( Br (A) j s independent of the choice 
of r > 0 then, Mx is closed. 
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Remark 1.6. It has been brought to our attention that recently, a similar result for 
Ricci limit spaces has been proven in Chen [15]. The proof in Chen [If] heavily 
relies on the Holder continuity of tangent cones along a minimal geodesic which is 
a result that is not available in our setting ( RCD*(K , N ) metric measure spaces). 

2. Preliminaries 

A metric measure space is a triple (X, d, m ) consisting of a complete separable met¬ 
ric space, (X,d), and a locally finite complete positive Borel measure, m, that is, 
m(B) < oo for any bounded Borel set B and supp m ^ 0. 

A curve 7 : [0,1] -A X is called a geodesic if i/( 7 ( 0 ), 7 (Z)) = Length ( 7 ). We 
call (X,d) a geodesic space if for any two points, there exists a geodesic connecting 
them. A metric space (X,d) is said to be proper if every bounded closed set in X 
is compact. It is well-known that complete locally compact geodesic metric spaces 
are proper. 

We denote the set of all Lipschitz functions in X by LIP(X). For every / G 
LIP(X), the local Lipschitz constant at x, |D/| (x), is defined by 

|D/| W —limsupLMzdLli, 

r+x d{x,y) 

when x is not isolated, otherwise |D/| (x) := 00 . 

The Cheeger energy of a function / G L 2 (X, m) is defined as 

Ch(f ) := i inf |liminf j \Df n \ 2 dm ; f n G LIP(X), f n —* / in L 2 

Set D( C/ 7 ) := {/ G L 2 (X,m ) ; Ch(f ) < 00 }. It is known that for any / G D(Ch), 
there exists \Df\ w G L 2 (X,m ) such that 2 Cli(f) = J x \Df\ 2 , dm. We say that 
(X, d, m) is infinitesimally Hilbertian if the Cheeger energy is a quadratic form. The 
infinitesimal Hilbertianity is equivalent to the Sobolev space W 1 ' 2 (X,d,m) := {/ G 
L 2 Cl D(Ch)} equipped with the norm ||/|| 2 2 := ||/||| + 2 Ch(f) being a Hilbert 
space. 

2.1. The curvature-dimension conditions. Let (X, d, m) be a metric measure space 
and 'P(X), the set of all Borel probability measures. We denote by ^(X), the set of 
all Borel probability measures with finite second moments. 

For any }Iq, }i \ G V 2 (X), the L 2 -Wasserstein distance is defined as 

W 2 (ro/Fi) := inf I / dlx,y) 2 dq(x,y ); q is a coupling between m 0 ,Ri r ■ ( 2 - 1 ) 

[JXxX J 

A measure q G P(X x X) that realizes the infimum in (2.1) is called an optimal 
coupling between po and /q. 

For every complete separable geodesic space, (X,d), the L 2 -Wasserstein space, 
(P 2 (X),W 2 ), is also a complete separable geodesic space. We denote by Geo(X), 
the space of all constant speed geodesics from [0,1] to (X,d) with the sup norm 
and by : Geo(X) —> X, the evaluation map for each t G [0,1]. It is known that any 
geodesic (pt)te[o,i\ C Geo( ^(X)) can be lifted to a measure n G V(Geo(X)), so 
that (ej)fj 7 r = pi for all t G [0,1]. Given two probability measures Uq, }i\ G Vi{X), 
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we denote by OptGeo(po, pi) the space of all probability measures n G V(Geo(X)) 
such that (Cf)jj 7 r is a geodesic and (<?o, c-\ )-n is an optimal coupling between }Iq and 

m- 

For given KeE and N G [1, oo), the distortion coefficients, <j^ n (6), are defined 
by 


7 W 

J K,N 


( 0 ) := 


oo 

sin (t6\jK/N) 
sin (8\/K/N) 

t 


| sinh(f0\/—I/N) 
^ sinh(0\/— K/N) 


if K6 2 > Nn 2 , 
if 0 < K9 2 < Nn 2 , 
if K0 2 = 0, 
if K6 2 < 0. 


Definition 2.1 (( K , N ) —convexity of functions). Suppose (X, d ) is a geodesic space. 
A function / : X -> EU {±co} is called ( K, /Vj—convex if for any two points 
i'o, X] G X and a geodesic Xf, 0 < t < 1 joining these points, one has 


ex p 

> (--^/(xo)) +^'piJ(x 0 ,a: 1 ))exp . 

Definition 2.2 (CD* (K,N) curvature-dimension conditions). Let K G IR and N G 
(1, oo). A metric measure space ( X,d,m ) is said to be a CD*(K,N) space if for any 
two measures po, li \ G V(X) with bounded support contained in supp m and with 
}Iq, < m, there exists a measure n G OptGeo(po, p\) such that for every t G [Oxl] 
and N' > N one has. 


~ J p] N ' dm <~j 4y ) ( d (7o,7i))Po W + 4^'(^(7o,7i))Fi n ' 

where pt for t G [0,1] is the Radon-Nikodym derivative d(e t ) : n/dm. 


dn( 7 ), 


An infinitesimally Hilbertian metric measure space ( X,d,m ) that also satisfies 
CD* (K,N) condition is called an RCD*(K,N ) space. Erbar-Kuwada-Sturm give 
another characterization of RCD* (K, N) spaces. 

Let the relative Entropy functional, Ent (•) be defined as 


Ent(p) := / plogpdm 
J X 


( 2 . 2 ) 


whenever p = pm is absolutely continuous with respect to the reference measure, 
m and (plogp) , is integrable. Here U(Ent) denotes the set of all measures p with 
Ent(p) G IR. 


Definition 2.3. Let ( X,d,m ) be a metric measure space. We say that ( X,d,m ) sat¬ 
isfies the entropic curvature-dimension condition CD e (K,N) for K G R, N G (1, oo) if 
for each pair po,pi G TA ( A, d, in ) n V(Ent), there exists a constant speed geodesic 
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0 , 1 ] connecting }Iq to u i such that for all t E [0,1]: 


exp 


)) > 


(W 2 (/<o4P))exp 



Theorem 2.4 (Theorem 3.17 in [19]). Let (X, d, m) be an infinitesimally Hilbertian met¬ 
ric measure space. Then ( X,d,m ) is a CD*(K,N) space for K E R, N E (1, oo) if and 
only if (X, d, m) is a CD e (K, N ) space. 

Since we will use the definition of the dimension-less curvature-dimension con¬ 
ditions (namely, CD{K, oo) conditions) in a few places in this paper, we will recall 
it here: 

Definition 2.5. Let ( X,d,m ) be metric measure space. ( X,d,m ) is said to satisfy 
the CD(K, oo) condition if for any po, pi E ViifX) fl V(Ent), there exists a geodesic 
(pt)te [o,i] connecting them such that 



(2.3) 


holds for any t E [0,1]. We say that (X, d, m) satisfies the strong CD(K, oo) condition 
if (2.3) holds for any geodesic. Moreover (X, d, m ) is called an RCD(K, oo) space if 
it is infinitesimally Hilbertian and a CD{K, oo) space. 

An important property of CD* ( K , N) spaces is that the disintegration of the given 
measure with respect to the radial distance function, can be represented by the one 
dimensional Lebesgue measure. This fact will be used in the proof of Lemma 2.13 
which in turn is essential in the proof of the characterization theorem. The precise 
definition and the proof can be found in [10]. 

Proposition 2.6 (Disintegration of measure, Cavalletti-Sturm [10, Section 3]). Un¬ 
der the CD*(K,N ) condition for K E R, N E (1, co), for fixed o E X, we are able to 
disintegrate the given measure m by 



(2.4) 


where, m r is a Borel measure supported on the set {x E X ; d(x,o) = r} = r 1 (r) (in 
which, r(-) := d(o, •) is the distance function from o). 

2.2. Convergence of pointed metric measure spaces. A pointed metric measure 
space is a quadruple (X,d,m,x), comprised of a metric measure space, ( X,d,m ), 
and a given reference point x E supp m. Two pointed metric measure spaces 
(Xi,di,nii,xi) and (X 2 ,^ 2 , m 2 ,are isomorphic to each other if there exists an 
isometry T : supp ni\ -G supp m 2 such that T : ni\ = m 2 and Tx\ = x 2 . We say that a 
pointed metric measure space, (X,d,m,x), is normalised if 1 — d(-,x) dm = 1. 
A measure m is said to be doubling if 


0 < m(B 2r (x)) < C(R)m(B r (x)), 


(2.5) 
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holds for any 0 < r < R and x E supp m. We denote by Mq(-) the class of all nor¬ 
malised pointed metric measure spaces satisfying (2.5) for a given non-decreasing 
function C : (0, oo) —> (0, oo). We have the following compactness and metrizability 
theorem. 

Theorem 2.7 ( [ 1,32]). Let C : (0, oo) —> (0,oo) be a non-decreasing function. Then , 
there exists a distance function T>c{-) on -Adc(-) suc ^ ^at (-Adci-V^cn) becomes a com¬ 
pact metric space. Moreover the topology induced from T>c(-) coincides with the one defined 
by the pointed measured Gromov-Hausdorff convergence on 

For a given pointed metric measure space (X,d,m,x) with x E supp m and 
r E (0,1), we associate the rescaled and normalised pointed metric measure space 
(X, d r , mf, x), where d r := d/r and. 



mf := 


Definition 2.8 (Tangent space). Let ( X,d,m ) be a metric measure space and x E 
supp m. A pointed metric measure space (Y, dy, my, y) is called a tangent to (X, d, m) 
at x E X if there exists a sequence of positive numbers r, f 0 such that (X, d r ., mf., x) -A 
(Y, dy, my,y) as i -A oo in the pointed measured Gromov-Haudsdorff topology. We 
denote by Tan(X, d, m, x) the collection of all tangents to (X, d, m ) at x E supp m. 

There exists a non-decreasing function C : (0, oo) —> (0, oo) depending only on 
K, N such that all RCD* ( K , N) spaces belong to (f° r instance, see Sturm [37]). 

Hence for RCD*(K,N ) spaces, convergence with respect to T’cM and that with 
respect to the pointed measured Gromov-Hausdorff topology coincide. 

Theorem 2.9 ( [24]). LetK E R andN E (l,oo). Then the class of normalized RCD* (K,N) 
pointed metric measure spaces is closed (and therefore compact) with respect to T^c{-y 

It is easy to see that for any A > 0, (X, A d,m) satisfies the RCD*(\~ 2 K,N ) 
condition provided that ( X,d,m ) is an RCD*(K,N ) space. This will imply that 
Tan(X, d, m, x) consists of RCD* (0, N ) spaces for any point x E supp m. 

One key tool that is reminiscent of smooth Riemannian setting is the splitting 
theorem: 

Theorem 2.10 (Splitting theorem, Gigli [21,22]). Let (X, d, m) be an RCD* (0, N) space 
with 1 < N < oo. Suppose that supp (m) contains a line. Then (X, d, m) is isomorphic to 
(X' x R,d' x d£,m' x C 1 ), where d e is the Euclidean distance, C 1 the Lebesgue measure 
and (X', d!, m') is an RCD*( 0, N — 1) space ifN > 2 and a singleton if 1 < N < 2. 

From the work of Gigli-Mondino-Rajala [23] and Mondino-Naber [32], it follows 
that: 

Theorem 2.11 ([32],[23]). Let ( X,d,m) be an RCD*(K,N ) space. Then m-a.e. x E 
supp m, there exists an integer 1 < k < Nsuch that Tan(X,d,m,x) = {(R k ,dE, C k ,0 k )}, 
where C k is the normalized k-dimensional Lebesgue measure. 
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2.3. Essentially non-branching property. Let restr( : Geo(X) —> Geo(X) be a re¬ 
striction map, which is defined as restr^^),. := r y^ 1 _ r ^ s+rt for r E [0,1]. A subset 
T C Geo(X) is called non-branching if for any 7 , 7 ' E T, restro( 7 ) = restrg( 7 ') 
for some t E (0,1] implies 7 = 7 '. Rajala-Sturm [36] have proven that branching 
geodesics in RCD(K, N ) spaces are rare. Here we state a special case of their main 
theorem in [36]. 

Theorem 2.12. Let (X, d, m) be an RCD(K, 00) space. Then for any po, p\ E V 2 (X) with 
Pi <C m, and any tc E OptGeo(po, pi), there exists a non-branching subset T C Geo(X) 
such that zr(r) = 1 . 

Lemma 2.13. Let ( X,d,m ) be an RCD*(K,N ) space for K E R,N E (l,oo) with 
suppm = X. Let x,y,z E X be three points such that d(x,y) = d(x,z ) =: l > 0 
and d(y, z ) > 0 . Set two geodesics 71,72 : [ 0 , 1 ] —> X connecting x and y, x and z respec¬ 
tively. Assume that B rg (y ) n B rg (z ) = 0 for a small ro > 0 . Let A,B be two Borel sets 
defined by 

A := {w E B rg (y) ; d(x,w) < /}, 

B := {w E B rg (z) ; d(x,w ) < /}. 

Then, m(A)m(B) > 0 and m r (A)m r (B) > 0 for Cf-a.e. r E (l — ro,/) where, m r is the 
measure obtained from m via disintegration (as in Proposition 2.6). 

Proof. Since supp m = X, every open ball is of positive measure. We are able to 
take points y' := 71(1 — ro/2Z) and z! := 72(1 — ro/2/) so that B rg /2(y r ) C A and 
B rg /2{z') C B. Thus m(A) > m(B rg (y')) > 0 and m(B) > m(B rg / 2 (z ')) > 0 holds. 
By using the disintegration of m (see Proposition 2.6), we have 

rl 

m(A) = / m r {A)C 1 {dr) > 0, 

Jl-r 0 

rl 

m{B) = / m r (B) £ 1 (dr) > 0. 

Jl-r 0 

Suppose there exists a measurable subset I C (Z — r 0 ,Z) with /Z 1 (f) > 0 such that 
m r (A) = 0 for any r E I. The Claim 2.14 below shows that, in virtue of the measure 
contraction property, this implies that m r (A) = 0 for a.e. r E V where I' is a closed 
interval with positive length. 

Therefore we are able to find a point y E Im ( 71 ) and a small number ;/ > 0 such 
that {Z := d(x,w ) E 1R ; w E B v (y)} C I'. Hence 

0 < m(B,,(y)) = [ m r {B v (y))C 1 (dr) 

= Ji m r (B,]({/)) C x {dr) 

< f m r (A) C l (dr) = 0. 


This is a contradiction. 
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Claim 2.14. Let I be the set. 


J := {r E (/ - r 0 ,Z) : m r (A) = 0} . 


( 2 . 6 ) 


Then, if 22 1 (/) > 0, there exists a closed interval I' with C 1 (/') > 0 such that C 1 {V \ 

I) = o. 


Proof. We will use the regularity of the Lebesgue measure along with the Measure 
Contraction Property to find such a closed interval. By the regularity of the Lebesgue 
measure, for any e > 0, one can find a closed set C and an open set U with C C 
I C U and such that £ 1 (U\ C) < e. First of all, this means that we can assume I 
is closed (otherwise, replace it with C and notice that C has positive measure for e 
small enough). 

Claim 2.15 below shows that the measure contraction property implies that the 
set, I, is invariant under dilations (in a suitable sense that will be made clear in 
below). Let r(-) := d(x, ■) be the distance function from x. 

Claim 2.15. Suppose / C R is any measurable subset with C X (J) > 0 and 



JJ 

then for any 0 < t < 1 with A t j := A n r _1 (tj) -f 0, one has 

c i m\i)> o. 


In other words, if C 1 ( J\I ) > 0, then for any 0 < t < 1, one has C 1 (tJ\I ) >0 when 

A tJ 76 0- 

Proof. Let ( X,d,m ) be an RCD* (K,N) space for K E R, N E (l/ 00 )- Take two 
distinct points x and y with d{x, y ) = l. We denote a geodesic connecting x to y by 
7 1 . Let r 0 > 0 be a positive number such that B ro (y) n B rg (x) = 0. We disintegrate 
m with respect to the distance function, r(-) := d(x, ■), that is, 

m= m r C 1 (dr). 

For / C R and V C X, let Vj := {zv E V ; d(x,w) E /}. Note that for any 
measurable subset V C X, if m r (V ) > 0 for a.e. r E J with > 0 then, 

m(Vj) > 0 and obviously, m(V) > 0. 

Now, let I be the measurable subset defined by (2.6) and assume /i 1 (f) > 0. 
Suppose a measurable subset / C (/ — ro, l) with /i 1 (/) > 0 satisfies m(Aj) > 0. Let 
t G (0,1) be a number for which, £ 1 ((r/) \ I) = 0 and A r j 7 ^ 0. Without loss of 
generality, we may assume m r (Aj) = m r (A ) > 0 for all r E J. 

Let n E OptGeo(y,S x ), where }i := XA, m /E V{X). Note that by con¬ 
struction, y < m. Flence we are able to find a map T t : X —> X such that (T f )*y = 
y t = (t’/j iTr, which is a geodesic from y to 5 X (see Gigli-Rajala-Sturm [25, Theorem 
1.1]). Since £ 1 ((r/) \ I) = 0 (i.e. r J is a subset of I in a.e. sense), we must have 
m r (A ) = 0 for a.e. r G r J. Accordingly, 


m(A T j n Ti_ t (Aj)) < m(A T j ) = m r (A) dr = 0. 



(2.7) 
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Now, we consider two different cases: 

Case I: 

Suppose there exists a measurable subset B C A j with m(B) > 0(hence (eo)*7r (B) 
y(B) = m(B)/m(Aj) > 0) such that for zr-a.e. geodesic c w connecting id G 8 to 
x, one has c\ v _ T £ A which readily implies that c“’_ x G A t j. By the MCP condi¬ 
tion, we have m(Ti_ x (B)) > 0. More precisely, since (eo)* n(B) is positive, so is 
(ei_ x )*7r(Ti_ x (B)). This means that m(A r j n T\- r (Aj)) > C(ei_ x )*7r(Ti_ x (B)) > 
0 which contradicts (2.7). 

Case II: 

Suppose for any measurable subset B C Aj with m (B) > 0 one has for 7 T-a.e. 
geodesic c w connecting w £ B to x, cf_ T £ A c . This implies that for 7 T-a.e. c G 
Geo(X), one has Ci_ x G A c . Recall that we denote the geodesic connecting from 
x to y by 7 1 . We claim that there exists So > 0 such that y] 0 £ A t j (namely, 71 
intersects A x j). Indeed, suppose 7 ^ 7 A t j for all s G [0,1] (equivalently, 7 ^ G A c 
whenever d(x, 7 ]) G r/). By the assumption A t j 7 ^ 0, there exists a point w £ A t j. 
It is obvious that d(x, w) £ (Z — yq, l ) for such w £ A r j. Since 7 1 is a geodesic from 
x to y, we can find a point 7 * such that d(x, 7 *) = d(x, iv) £ rj. However, 7 * ^ A r j 
means d(x, j ]) < l — r$ which is a contradiction. 

We have 7 ^ G A t j. Since £} ( J) > 0, we may assume that inf rj < d(x, 7 ^) and 
in particular 0 < d(y, 7 ^) < r 0 , which also implies d(A c , 7 * ) > 0. This is true since 
by the Lebesgue density theorem, at almost every point t £ tJ, one has 

^ 1 (r/ n (f — jc,f + k)) _ 

So >C 1 ((f — K, f + k)) “ ' 

Hence, taking a Lebesgue point t £ rj greater than inf r/, and repeating the above 
argument for /' = tJ n (t — e, t + e) = rj" with e < t — inf r/, we are able to take a 
point 7 ^ satisfying inf rj < d(x,jl g ). 

Let So = t()T, then obviously, yj g £ Aj. Without loss of generality, we may assume 
that to = d(x, 7 f 0 ) G / is a Lebesgue point in / (otherwise, one can repeat the above 
arguments by replacing / with its Lebesgue points). Let £ > 0 be a positive number 
such that 

2 £ < min |r 0 - d(jl g ,y), t 0 - s 0 |. 

Consider a ball Bg(y} g ) C A. By the construction, 6 ^( 7 ^) n Bg(y} g ) = 0. Since 
B^( 7 ^) C A and to = d(x, r yj g ) £ J is a Lebesgue point in /, we have m(Aj n 
Bfrlo)) > 0. This implies (eo )* 7 r(Aj n B^( 7 * )) > 0. By the assumption, for zr-a.e. 
c G Geo(X), ci_ x G A c . That is, for (<?o)*7r = m-a.e. £ Aj n B^( 7 ^), one has 
w := Ti_ x (ii;f) G A c . 

Note that for all wJ G Aj H B^( 7 * ) and their corresponding w := Ti_ x (ud) G A c , 
one has 

d (w^ r zv^j = (1 — r)d(x,w^) < (1 — r)(d(x,y)to + £) 

< d(x,y)(t 0 - Tt 0 ) + £ = d(x,y)(to - s 0 ) + £ 

= ^(7f 0 / 7s 0 ) + £■ 
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Therefore, we obtain 

d(x,y) < d(x,zv ) + d(w,zv J ) + d(w I ,^} 0 ) + d(y} 0 ,y) 

<l-r 0 + d(7t 0 ,7s 0 ) + l + £ + <*(7t 0 /y) 

< l-r 0 + 2£ + d(yl 0 ,y) 

< l = d(x,y). 

which is a contradiction. ■ 

Claim 2.16 (invariance of I under dilations). For any 0 < t < 1 and up to a set of 
measure zero, one has 

0 ^n(/-r o ,/)cL 

In other words, inside the interval (Z — Vq, l), I is invariant under dilations. In 
particular, for t <C 1, we get f" 1 / n (/ — ro,Z) = 0 C I and for t = 1, we have 
ln(l-r 0/ l) = I. 

Proof. Suppose not. Then, there exists 0 < t' < 1 such that C 1 ((pi) H (Z — Tq, Z)) > 
0 and (pj) n (Z — ro,Z) <f_ I (in a.e. sense). By Claim 2.15, taking / := tl, where 
t' = j < 1 and f = p > 1 , we would have 

/i 1 ((t 7 /) \ f) > 0 (and also tj (jL I), 

which means 

t'(l-r 0/ l)nl £ I, 

which is obviously a contradiction. ■ 

Now to finish the proof of the Claim 2.14, suppose, s G J is a Lebesgue density 
point of I. This means 

liminf £TNTl±dl0 =a 

<5—>0 23 

For any e > 0, choose 5 > 0 such that 

C 1 ([s-S,s + 3]\I) < 2 eS. 

Let l e := [s — 3, s + FI I. Then, by Claim 2.16, one has 

£ 1 ((fl e )n[(Z-r 0 ,Z)\l]) = 0 , V t> 1. 

Then for any t > 1, using the scaling property of the Lebesgue measure, and the 
scale invariance of I, we can compute 

£} —<J,s + £]\j) n(Z-r 0 ,Z)) < C 1 (t ([s — 3,s + 3] \ I) n (l — r 0 , Z)) < ted, 

indeed, by the invariance of I under dilations, we have tl n (Z — Tq, Z) C I and this 
then would imply that 

(t[s-3,s+3]\I)n(l-r 0 ,l) C (t[s-8,s + S\\tI)n(l-r 0 ,l) 

= t([s-3,s + 3\\I)n(l-r 0 ,l). 
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Now for k satisfying 

we can write 

[s, /] C [s, s + <J] U 


(s + i) 1 - 1 <(< (s + <S) 1 


ck -2 


ck—1 


s + 5, 


{s + 5) 2 


U 


(s -(- 5) 2 (s + <S) 3 


U 


C + 


i =0 


Hence, 


a-i 


m([s,l]\I) < m I |J 

\i=0 


(s + sy 


[s, s + £] \ I 


k -1 


< E m 

i =0 


(s + J) ; 


[s, S + <5] \ 1 


fc -1 


< E 


i=0 


s + 5 


e5 


= s 


< s 


- 1 
s + <5 


s+<? 




-1 e 


is+ 5)1 1 


- I e 


{s + 5) k ~ 1 (s + 5) k 


a k-2 


e k -1 


In above, the last inequality follows from the definition of k since. 


s + S\ K (s + 5) k ~ l s + 5 


< /• 


s k-2 

s + 5 

c2 


( 2 . 8 ) 


Therefore, first letting 5 —> 0, and then e —>■ 0 in (2.8), we get 

C 1 {[s,l]\I) = 0. 

This argument can be applied to any Lebesgue density point, s, in I (and we know 
almost every point of I is so). So, with a little bit more work, one can in fact prove 
that if So := inf I, then 

£ 1 ([s 0 ,l]\I)=0. 


Remark 2.17. The conclusion of Claim 2.14 is obviously wrong for arbitrary met¬ 
ric measure spaces (one needs MCP or some sort of curvature conditions. ). The 
following is a counterexample: Let C C [0,1] be a closed nowhere dense Cantor 
set with positive Lebesgue measure (such sets exist). Take the isometric product 
X = [0,1] x [0,1] with measure x C 1 where / : C [0,1] is the inclusion. 
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Remark 2.18. One can weaken the assumptions in Lemma 2.13. It is not essential 
to assume d{x,y) = d(x, z). We just need two sets A and B that are included in 
{w G X ; r\ < d(x, w) < r 2 } for a pair of numbers 0 < r\ < 77 < oo. 

3. Proof of the characterization theorem 

Let ( X,d,m ) be a metric measure space. Then, the RCD* (K, N) condition for 
KgE and N G (1, oo), or more precisely, the locally doubling condition will imply 
that m satisfies m(U) > 0 for any open set U C supp m. For brevity, when there is 
no confusion, we will denote Tan(X, d, m, x) by just Tan{X, x). 

Definition 3.1. We define the following subsets of X based on the point-wise struc¬ 
ture of the tangent space: 

WSi - := {x G X ; There exist proper metric measure spaces (Y, y) G Tan{X, x), 
and (W, w) with Diam W > 0 s.t. Y = R* x W j , 

Kj := jx G X ; Tan(X,x) = {(R fc ,0 fc )}} . 

And TZ := 1J ;>1 7 Zj. 

It is known that m(X\7Z) =0 for an RCD* ( K, N) space (X, d, m) (see [32]). 

Lemma 3.2. Let ( X,d,m ) be an RCD*(K,N ) space for K G IR and N G (1, oo). Let 
x G X be a point and suppose 7 is a geodesic joining two points p,q G X \ {x} that also 
passes through x. Suppose there exists a point z Im ( 7 ) with d{z,x ) = d (z,Im ( 7 )). 
Then, there exists a pointed proper geodesic metric measure space, (W, dw, mw, w), with 
diam W > 0 such that R x W G Tan(X,x). In fact, every tangent is of the form, R x W 
with diam W > 0 and W depending on the tangent. 

Proof. Let 77 : [ 0 ,d(z,x)\ —* Z be a geodesic from z to x. We have d{rj{t),x) = 
<2 (77(f),Im (7)) for all t G [ 0 ,d(z,x)]. For n > / S et z n := rj(t n ) where t n is 

the infimum of the numbers t such that 77 (f) G Bi/ n (x). Then obviously, z„ G 
dB 1 / n (x). Set w n := 77(f„ + ( d(z,x ) — f„)/2) and notice that d(x,w n ) + d(w n ,z n ) = 
d(x,z n ) holds for any n G N. Denote by d n , the normalized metric d/n. A simple 
calculation using the local doubling property implies 

772 (Bjj 2 (zt7„)) > C{K,N)m > C(K,N)m ^ n (x)') . 

So, there exists a positive constant C > 0 such that mf 1 (B^" 2 (w n )) > C for any 
n G N, where, m^ is the normalized measure with respect to d n at x. Thus, in the 
virtue of the splitting theorem, we deduce that a subsequence of the pointed nor¬ 
malized metric measure spaces (X, d n , 772*, x) converges to a product space (R x 
W^rxWz-C 1 x m w / (0,i(7)) where, (W, d^,m^,w) is a proper pointed geodesic met¬ 
ric measure space with diam W > 0 and with 77/yv f 0. ■ 

Lemma 3.3. For an RCD*(K,N ) space, ( X,d,m), with N G [1,2), we have W£ i = 0. 
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Proof. Suppose not. Then, by the definition, for x E W£ -i, there exists a proper met¬ 
ric measure space (W, w) with diam W > 0 such that (R x V\I, (0, w)) E Tan(X, x). 
The stability of RCD* condition under 'D C (-) implies that R x W is an RCD* {0,N) 
space. The splitting theorem then implies that W is one point (see Theorem 2.10). 
This is in contradiction with the assumptions on W. ■ 


Definition 3.4 (interior point). A point x E X is called an interior point if there exists 
a geodesic 7 : [0, l\ —> X with 7 (t) = x for some t E {0,1). 

Proposition 3.5. Let x E 1Z\. Then x is an interior point. 


Proof. The proof is similar to the proof of Proposition 4.1 in Honda [ ]. Suppose 

that there exists a point x E 'TZ\ such that x is not an interior point on a geodesic. 


Claim 3.6. For a given sequence of decreasing positive numbers {e z }, there exist 
sequences of increasing numbers { R ; } tending to infinity and decreasing positive 
numbers {r,} tending to 0 such that one can pick p lr c\i E X that satisfy 

I d{pi,x) - R/r f | < nei , \d(q t ,x) - Rtn\ < r^i, 


and. 


d(pi,x ) + £%,*) — d(p ir cji) < nei. 


Proof. First of all, rescaling the metric if necessary, we may assume that Diam X > 
1. By Theorem 4.1 in [32], there exists a number f> = f(N) > 2 with the following 
property: there exists a large number R; 3> 1 such that for any R > R, there exist 

0 < n = ri{ei,R ) <C 1 and points i E B R p{x ) \ B R p / 4 (x) and also G B R ‘ p (x) on 
a geodesic c l connecting p, to q, with d(x, f) < r,c, / 2 that satisfy 

d{pi,x) + d{cji,x) - d(p ir cji ) < 2 d{x,£i) < r f e f . 

Since R > R; 1 is arbitrary, we may assume that R < if ’ 1 / 8 (this is always true 
for R > 4). Put Rj satisfying R, < R, < Rf /8 and R, < R z+ j. Take points pi, qj E X 
with the following properties: 

(1) Pi, qi E Im (c;) and pi, q t are on opposite sides of L, u 


(2) d{pi,pi) < d(p ir cji ) and d{q ir cji) < d(qi,pi) 

(3) | d(p if x) - R I r 1 \ < nei, & | d{q ir x) - R^l < r^. 


Notice that one can always find such points p, and qj on the geodesic c, since, 

d{x,pi) < riCi/2, d{x,pi) > Rf /4, d{x,cji) > Rf /4 and the distance function is 
continuous. 

Since d{p ir x) < d{p ir pi) + d{x,li), d{q ir x) < d{q h pi) + d{x,^) r and d(p,,^) + 
d(pi,qi) = d(pi,qi),we obtain 

d{pi,x) +d{qt,x) -d{pi,qi) < d{p ir &) + d(^,^) + 2d(x / £ i ) -d{p ir qi) 

= 2d(x,fi) < nei. 

This is what we wanted to prove in this claim. ■ 
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Pick pi, q r G X as in Claim 3.6. Let 7, : [0, d(pi, qi )] —» X be a geodesic from p, to 
qi . Set Si := d (x,Im (7;)). By the assumption, 

0 < s i = d (x,Im (7/)) < r,e,. 

This means that s, -A 0 as i -A 00. Using the pre-compactness, a subsequence 
(XfS^d, m*.,x), converges to a limit space (Y, dy, m Y ,y). Now, our construction 
implies that there exist a limit point, z G dB\(y), corresponding to a sequence of 
points, Zf e dB s fx), with d (x,Im (7,)) = d{x,Zj). Now, in the s,— rescaled spaces, 
that 

sf 1 d(p i ,x) & s^ 1 d(qj, x) —> 00 as i —> 00, 

so that 7/ converges to a line in Y. Thus, we get an isometric embedding L : 1R —> Y 
such that z G Im (L) and y Im (L). This implies that Y = Rx W for some proper 
geodesic space with diam W > 0 which contradicts x G 1Z\. ■ 

The following theorem is key. 

Theorem 3.7. Let ( X,d,m ) be an RCD*(K,N ) space for K G 1R and N G (l,oo). As¬ 
sume 1Z\ f 0 . For any x G X, f/zere exists a positive number e > 0 suc/i dwf ( B e (x),x ) 
zs isometric to ((—e,e),0) or to ([0,e),0). 

Proof. 


(1) ^ G TZ\. Since x G is an interior point, there exists a geodesic 7 : 
[— e,e] —> X with 7(0) = x. Suppose that for any ?/ > 0, the set £> )? (x) \ 
Im (7) is non-empty. Without loss of generality, we may assume 


q < 1CT 10 min 


2 log 2 

3|K| + 1 



By the assumption, we are able to take y n G B„/ n i(x ) \ Im (7) and z n G 
Im (7) so that d(z n ,y „) = d(y n , Im (7)). By Lemma 3.2, z n / x for n large 
enough. We may assume z n G V := {7 1 ; t > 0}. Now take zv n G A f := 
{if, t < 0} so that 

d(w n/ x) = d(z n ,x). 


Set l n := d(z n ,y n ). Then by using the doubling property (also see the proof 
of Lemma 3.2), we have m(Bi n ixfy n )) > 0 and B\ n /liyn) n Im (7) =0. 

Let 9 be a unit speed geodesic from y„ to z n and set 

oc n := l/2min{d(x,z n ), l n /n 2 }. 

Then, for some k > 2, Z„ > q/kn 2 and 6(l n — q/kn 2 ) G B an (z n ) \Im( 7) 
(otherwise, one can find a point on 7 that is strictly closer to y n than z„ is). 
Therefore, B Cin (z n ) \ Im (7) is non-empty. And by the doubling property, 

m(B a „(z n )\ Im(7)) > m (B Un/ 4 (0(Z„ - q/kn 2 ))) 

> Cm (Bioo,,(0(/n - v/Zczi 2 ))) 

> Cm(B tl (zn )) > 0 . 
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Claim 3.8. There exists a point x n E B an (z n ) and a geodesic c n : [0,1] —> X 
connecting w n and x n such that d(x, Im (c„)) > 0 . 

Proof of Claim. To prove the claim, we are going to use an argument simi¬ 
lar to the one in Rajala-Sturm[36]. From Rajala-Sturm [36], we know that 
the optimal transport between any two absolutely continuous measures 
in a space satisfying strong CD(K, oo) condition is concentrated on non¬ 
branching geodesics. 

The idea of the proof is that if there exists a n E OptGeo(}i\, }Iq) (for 
absolutely continuous }i t E V 2 (X)) that does not live on non-branching 
geodesics, then via restriction in time and space and using disintegration, 
one can find a measure on Geo(X) x Geo(X) and a family of geodesic 
pairs T a C Geo(X) x Geo(X) (a E (0,1)) with 9Jt(T fl ) > 0 and 

m (e 0 (pi (r„))) m (e 0 (p 2 (r fl ))) > 0, 

where, the geodesic pairs in T„ satisfy the following conditions: there exists 
a sufficiently small £ > 0 such that restr^i = restrj^ and restr” ''71 f 
reshg + ^72 for any ( 71 , 72 ) E T fl . Then, writing down the K— convexity con¬ 
ditions for the entropy of the transportation from eo(p x (T)) U eo(p 2 (P)) to 
ei(pi(T)) U e x (p 2 (T)), one proves that the underlying space fails to satisfy the 
strong CD(K, 00) condition. 

To prove Claim 3.8, we are going to prove that the assumption that every 
geodesic connecting iu n to a point x„ E B Kn (z n ) passes through x and the 
fact that m (B Kn (z n ) \ Im ( 7 )) > 0 would provide us with such family of 
"bad" geodesics and that would lead to a contradiction. 

Suppose for w n E J\f Pi B, ]/n 2 (x) and for any geodesic c„ connecting w n 
to a point x n E B Kn (z n ), there exists a time t E (0,1) such that c n (t ) = 
x. Consider p 0 := 6 Wn and /q := XB m {z n ) m / m ( B a n (z n ))- By Theorem 1.1 
and Corollary 1.6 in Gigli-Rajala-Sturm [ ], one could find a unique ft E 

OptGeo(p x ,po) that is induced by a map. The optimal plan ft also satis¬ 
fies (ef)j7f m for any t E [0,1). Define a map a : Geo(X) —* Geo(X) 
by (7(7)f := 7i_f. Let zr denote the measure cr^ft. Then, n satisfies }i t := 
(e t )fi7T <k; m for any t E (0,1] and }t t is a geodesic connecting }Iq to g \. 

Note that n is supported on the branching subset T C Geo(X) of geodesics 
starting off as 7. Indeed, since B an (z n ) \ Im (7) f 0, one can pick a small 
ball B C B Kn (z n ') \lm( 7) with 0 < m(B) < (B a „(z„) \ Im (7)). Let 

g : X —> R be the distance function, g(x') = d(w n , x). Thus by the inclusion 
relation, g(B) El g ( B lXn (z n ) \ Im (7)) holds. Now, by assumption we know 
that for almost every geodesic 6 in the support of n, there is a time, to, such 
that 9(tg) = x. We replace 9, up to time tg, by 7| [o,r e ]■ Also, notice that, 
for this family of geodesics, the branching time parameters, a and £ can be 
chosen as follows: 

_ d(w n ,x) _ d(w n ,x ) d(w n ,x) _ , _ 

^ a 77 -P7- S tg — 77 -r < 77 -r- — : a ~ a + C- 

d{W n ,Zn)+IXn d(zV n ,X n ) d(lV n ,Z n ) ~ 0C n 
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Therefore, by the uniqueness of n, and from the proof of Lemma 2.13 and 
the above argument, we deduce that there exist two subsets Ti, T 2 C supp n 
with 71 (T| j/rfib) > 0 such that for any 71 G Tj, there exists 72 G T 2 with 
restr^i = restrg 7 2 and 71 (1) G B, 72 ( 1 ) G B au (z n ) \ Im ( 7 ). 

By restricting and rescaling n, we obtain a restricted plan n that is sup¬ 
ported on branching geodesics (with the abuse of notation, we will also 
denote this restricted measure by the same character , tc). 

Now, we have at our disposal, all the ingredients needed for the argu¬ 
ments in Rajala-Sturm [36] to work. So, employing the exact same argu¬ 
ments as in Rajala-Sturm [36], one obtains two measures n 11 , n d with the 
following properties : 

(a) p := 7 r"(Geo(X)) = 7T d (Geo(X)). 


(b) There exist a time a G (0,1) and sufficiently small £ > 0 with a + £ < 1 
such that (e s )jj7r u = (e s )$n d for any s G [0 ,a\ and }i d + ^ := {e a +^n d / p, 
Ba+% := (e«+f)j|7r“/j6 are mutually singular with respect to each other. 


(c) For fixed small number b > 0, there exists a positive number C > 0 
such that 

d{e h )^K d d(e i)^ d(e 1 ) i n u < ^ 
dm ' dm 'dm ~ 

(d) Set } i u aH = p u aH m. Then 

/ 108 dm - P 108 10m(x, I]/2 ) ' <31) 

Exploiting the K-convexity of the entropy along the plan (n 11 + n d )/ (2/3) 
from b to a + £ (in a similar fashion as in Step 7 in [ 36 ]), we will get a con¬ 
tradiction. See the Appendix A for detailed computations. ■ 


The proof of Claim 3.8, in fact, implies that for m- a.e. x n G B Xn (z n ) and 
for 7 r-almost every geodesic 9, connecting w n to the point x n G B Un (z n ), 
we know 6 does not pass through x. Thus we find the family of geodesics, 
{Cn},; 6 ]N/ from w n to a point x n G B Xn (z„) with d(x ,Im (c n )) > 0. 

Moreover, we may assume that zr-a.e. geodesics, c n do not intersect V 
since, otherwise, one could replace the geodesic c n that intersect V with the 
geodesics, c n given by 


Cnif) 


7 (f) if c n (s) i Im ( 7 ) for any 0 < s < t 
c n (t ) otherwise 


Now, the collection of c n 's would form a family of geodesics from w„ to x„ 
of positive zr-measure and passing through x, this is in contradiction with 
the uniqueness of n and the proof of Claim 3.8. 

So far, we have that zr-almost every geodesic does not pass through x and 
does not intersect V. Pick one of these good geodesics c n . 
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Let L„ denote the distances d(x,w n ) = d(x,z„). We get 

0 < d(x,Im(c„)) < d(x,z„) = L n -A 0. 

Let us consider the rescaled metric measure space {X,di n/ m^ n ,x). Since 
x G 1Z\, we have X Ln — > R (taking subsequence if necessary). Let f n : 
Xi n -A R be the approximation maps that realize the convergence Xi n -A R. 
Since (X, d l„, m L n > x ) _•* ^e, L’ 1 ,0), there exist points on each Im ( c n ) that 

converge to 0 G R and consequently any sequence of points, c n (t n ) with 
d ( x,c n (t n )) = d (x,Im ( c n )) also has to converge to x. Thus, we are able to 
find a sequence t n such that c n (t n ) satisfies d(x,c n (t n )) = d{x, Im (c„)) and 
fn{c n (t n )) aOgR. Indeed, every point c n {t) obviously satisfies 

d(x,c n (t )) < d(x,zv n ) + d(iv n ,c n (t)) < d(x,zv n ) +d(zv n ,x n ) +d(x n ,z n ) 

< 4L„. 

Therefore, limsup di n (x,c n (t)) < oo. This means that the image of the 
geodesic c n approaches to Im (7) as n —> 00 in the L„-scale. Also since 
di n (x, zv n ) = dL n (x, z n ) = 1, c n ( t n ) does not go closer to neither zv n nor z n . 
Define s n := d(x,c n (t n )) and consider (X,d Sn ,m x Sn ,x). If 

liminf d Sn (Im (7 ),C n (t n )) > 0, 

n —^00 

we find a point in the limit space that is not on the geodesic corresponding 
to Im (7). This is a contradiction to x € TZ\. 

On the contrary, suppose 

liminf d s „(Im (7), c n (t n )) = 0. 

n —^00 

This means points c n (t n ) are converging to a point on 7 in the s„—scale. As¬ 
sume that c n (t n ) converges to a point in V in the s n -scale (the case, c„(t n ) 
converging to a point in A f in the s n -scale can be ruled out in a similar fash¬ 
ion). Pick times t' n such that ?n < ^ and d(cn(t' n ),c n (t n )) = s n . It is easy 
to see that we can find such a point c n (t’ n ) since the assumption that c n (t n ) 
converges to a point in V implies d(zv H , > s„ for n large enough. By 

the construction, d(x,c„(t' n )) > d(x,c n (t n )) = s n . Hence d Sn (x,c„(t' n )) > 1. 
Since x E 1Z\ and d Sn (c n (t’ n ),c n (t n )) = 1, c„(t' n ) converges to a point on 
Im (7) in the s,, -scale. 

Let a := lim„ h n (c n {t' n )) G R, where h n : X Sn -A R are approximation 
maps. Since d Sn (c n (t' n ),c n (t n )) = 1, a = 0 or a = 2. If a = 2, this contradicts 
the minimality of c n . Thus a = 0. Note that 

d(x, c,;(!,;)) ^ d(x, c n (fn)) T" d(c n (t n ), c n (f^)) ^ 2s n . 

Hence K n := d(x,c„(t' n )) satisfies s n < K n < 2s n . Consider (X, di< n , m K n > x ). 
Taking a subsequence if necessary, we know X^ n -A R via the approx¬ 
imation maps g n : X Kn -A R. Since x G TZ\, d^ n (x,c n (t' n )) = 1, and 
Sn < K n < 2s„, d Kn (c„(t' n ) / Im( r y)) 0 and g„(c K (^)) -» -lorl G R. 
However, again by s n < K n < 2s n , d Kn (x,c„(t' n )) < 2d Sn (x,c n (t' n )) -t 0. 
This is a contradiction. 



ONE DIMENSIONAL RCD SPACES 


19 


Now, Consider pointed normalized metric measure spaces (X, s~ 1 d, m* n , x) 
that converge to (Y, dy, my, y ) G Tan (X, x) in the measured Gromov-Hausdorff 
sense. By the rescaling, it is clear that (Y, y ) is not isomorphic to (R, 0). This 
contradicts x G 1Z\. 


( 2 ) x G X \ TZ \. Since 'TZ\ / 0, one can find a point y E 1 Z\. By the proof of 
(1) above, a neighbourhood of any such y is isometric to an open interval. 
Therefore, 1 Z\ is an open set. If ' 1 Z\ is closed, then X must be ' 1 Z\ itself. 

This contradicts the existence of x G X \ ' 1 Z \. Note that ' 1 Z \ is an open 1 — 
dimensional manifold. If the open set 1 Z\ is a circle, take a point, p in the 
circle that is the closest point from x, Lemma 3.2 implies that there exist a 
tangent cone at p that is not isometric to R. This is a contradiction (one can 
also see the contradiction by noticing that a circle is closed). 

The maximal connected open subset in TZ\, which contains y G 'TZ\, is a 
locally minimizing curve 7 : (—a,b) —> X, a, b G ( 0 ,00], which satisfies 70 = 
y. Furthermore, 7_ a := lim f _ > _ fl 7 f and 7/, := j t when a,b 7^ 00, do 

not belong to 'JZ \. Locally, a neighbourhood of each point in 'JZ \ is isometric 
to (— e, e). This means the maximal connected subset in 'JZ \ should be a local 
minimizing unit speed geodesic. 

Just to make it more clear, we can argue as follows: Let 7 : (— a,b ) —> 

1 Z\ C X be a locally minimizing curve with 7(0) = y G TZ\. If p = j(h) = 

7(12) for some t\,t2 £ (— a, b) and t\ 7^ t2, then since a neighbourhood of 
p G Ki is isometric to an interval, we deduce that 7 has to be periodic 
(after trivially expanding its domain to R) so 7 C 'JZ\ is a circle. But as we 
previously showed, this can not happen. 

Therefore, from the argument above, we can assume 7 has no self-intersections 
and can be extended from either end in a locally minimizing fashion as 
long as a (or b) stays finite. Suppose (— a,b ) (a, b G R U {co}) is the max¬ 
imal domain for the locally minimizing curve 7. Then, if b < 00 (respec¬ 
tively a < 00), we must have jj, := lim fH >{,7 f ^ IZi (respectively 7_ fl := 

7; 1 Z\) since otherwise, one can extend 7 further and in a locally 

minimizing fashion. 

When both a and b are 00, consider a point, z on 7 with d(x, z) = d( 7, x). 
Then, Lemma 3.2 implies that z ^ 'TZ\ which is a contradiction. 

Without loss of generality, we assume b < 00. Consider a geodesic 6 : 

I —> X from x to a point z G Im(7) that satisfies d(x,z ) = d (x,Im(j)). 

If z = 7 1 for t G (—a,b), we will get a contradiction by part ( 1 ) or by us¬ 
ing Lemma 3.2 (in this case, there exists a tangent cone at z which is not 
R). Without loss of generality, we may assume that z = 7/, £ 1 Z\. Suppose 
x/z. Notice that for any ?/ > 0 , B v (z) \ (Im (7) U Im ( 0 )) 7^ 0 since, other¬ 
wise a neighbourhood of z would be isometric to an open interval. Indeed, 
B rj (z) \ (Im (7) U Im ( 0 )) =0 implies that a neighbourhood of z is just the 
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concatenation of two minimal geodesics, 7 and 6; also every geodesic join¬ 
ing two points in B± (z) is included in B y (z) therefore, B± (z) is isometric to 

( — W' tu)‘ This means z E TZ\ which we know is not the case. 

In particular, the above argument ensures us that if x 7 ^ z, one must have 
B, ; (z) \ (Im( 7 ) Ulm(0)) 7 ^ 0 for any ;/ > 0. Take a point w G B, ? (z) \ 
(Im ( 7 ) U Im (0)) and consider a geodesic a from w to the point v G Im ( 7 ) 
that satisfies d(w, v) = d ( w, Im ( 7 )). Since y t G TZ\ for t G (—a, b), v / 7 f 


for t G (—a, b); this means v = z = 7 ^. 

From now on, we just repeat a similar argument as in the case (1). For the 
sake of completeness, we give an outline of the proof. Take a point z! G 1Z\, 
which is close enough to z. In order to apply the argument in (1), we may 
assume that 


Take 


d(y,z'),d(x,z'),d(w,z') <C 10 10 


2 log 2 
3|K| +1 ’ 


r := mm{d(x,z'),d(iv,z'),d(x, w),d(w,lm (0))}/4, 

and define A := B r (x) U B r (zv). Note that B r (x) n B r (w) = 0. By consid¬ 
ering the optimal transportation between y .0 := m\ A /m(A) and }i\ := 5 y , 
we are able to find a curve c from y to a point in A not passing through z!. 
This means that there exists a point in z' = jt = c s for t G (0, b), s G (0,1) 
such that c s t £ Im ( 7 ) for any s’ > s. This contradicts that z! = G 1Z\. 
Therefore x = z. 

This means that x has to be the end point (after taking the closure of the 
geodesic) of the geodesic, 7 C TZ\. Hence B e (x) is isometric to [0, e) for 
sufficiently small e > 0 . 


Remark 3.9. We note that in the proof of Claim 3.8, the geodesics are not branch¬ 
ing at the same time but they are all branching within a tiny time interval [a, a’] 
the length of which going to zero as n —> 00 and that is enough to get a contra¬ 
diction. Another possible approach would perhaps be to non-linearly contract the 
geodesics toward w n so that all branch at the same time and then use the measure 
contraction property to get a contradiction. The difficulty in this approach is that 
since all geodesics are of constant speed and parametrized on [ 0 , 1 ], when we per¬ 
form such a non-linear contraction, we will end up with a family of geodesics that 
branch at the same time but their end points will all be on a sphere with center w n . 
This contradicts the measure contraction property or the spherical Bishop-Gromov 
inequality in, for example, non-collapsed Ricci limit spaces of dimensions strictly 
larger than 1. But in the setting of RCD*(K,N ) spaces, it is unclear to the au¬ 
thors how to derive a contradiction having a family of branching constant speed 
geodesics parametrized on [ 0 , 1 ] (all branching at the same time) with end points 
on a sphere. To the best of authors' knowledge, a spherical Bishop-Gromov volume 
comparison or measure contraction property (i.e. a volume comparison or measure 
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contraction property for the co-dimension 1 measures) is yet not available in this 
setting. Also notice that even in the simplest example of the letter "Y" space (the tri¬ 
pod), the geodesics emanating from one point on one branch and going to other two 
branches, once parametrized on [ 0 , 1 ] , are branching at different times (depending 
on their lengths). 

Remark 3.10. In Theorem 3.7, we have in fact proven the stronger fact that in any 
RCD* (K,N) metric measure space, 'TZ\ is an open and convex (convexity follows 
from arguments in the proof of part (2)) subset. In Ricci limit spaces, the convexity 
of all the regular sets follow from the recent developments by Naber and Colding 
but to the best of our knowledge, in the metric measure setting, this is not known 
(at least for TZ^, k > 2 ). 

Definition 3.11. Let (X,d) be a geodesic, proper complete separable metric space. 
A positive Radon measure p on X is a reference measure (in the sense of Cavalletti- 
Mondino [8]) for (X,d) provided it is non-zero, and p-a.e. z G X there exists n z , 
which is a positive Radon measure on X x X, such that 

(pi) # 7 T = p, 7 T Z (X x X \ H(z)) = 0, {p 2 )$n z < p, 

where pi : X x X —> X is the natural z-th projection maps i = 1,2 and 

H(z) := {(x,y) G X x X ; d(x,y ) = d(x,z ) + d(z,y)} . 

The measure n z is called an inversion plan. Ip (p) is the set of all points z G X that 
has an inversion plan 7i z . 

Proposition 3.12. Let ( M,g) be a complete Riemannian manifold of dimension 1 and 
let d g ,m g be the Riemannian distance function and the Riemannian volume measure as¬ 
sociated with g (respectively). Let p be a locally finite Borel measure on M satisfying 
RCD* (K, N ) condition for K E 1R and N G (1, oo). Assume that supp (p) = M. Then, 
p and m g are reference measures for (M, d g ) and p ~ m g , and p = e~ v m g for some locally 
integrable function V. 

Proof. The fact that m g is a reference measure follows from Cavalletti-Mondino [ ]. 
We present an argument as to why p is also a reference measure. First of all, the 
measure p is a Radon measure ([20, Theorem 7.8]). Since ( M,d g ,p ) satisfies the 
RCD*(K,N ) condition for K G 1R, N G (l,oo), p does not have atoms, that is, 
p({x}) = 0 for any x G M. Assume ( M,d g ) is isometric to (R>o, d^) (the other 
cases can be dealt with in a similar way). First of all, by Proposition 3.4 in [ 8 ], we 
have p <C m g . Take z G ]R>o and fix it. 

Step 1. We find a family of compact sets K n C M, n G N and bi-Lipschitz maps <f>„ 
(the so called local inversion maps), such that, 

• p{M \ U„ 6 ]nX„) = 0, 

• For every x G K n , there exists a unique constant speed minimal geodesic 
Txz ■ [0,1] —>■ M from x to z, which can be extended to [0,1 + 2/zi] G Mas 
a minimal geodesic, 

• The map <5>„ : K n —>■ M defined by 0„(x) := 7 * 2(1 + 1 / n) is bi-Lipschitz 
onto its image. 
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Set d z := \z\ > 0 and I := {x G R>o ; |x| < d z }. Define 


K n |x G R>o ; d z < x < ^1 + —^ d z |, 


and K n := K n U L It is clear that R>o \ U n6 ]NX n = 0. This means 7«g(R>o \ U„ 6 ]n) = 
0, accordingly f/(R>o \ U„ 6 n) = 0. Since the map : K n := [0, (1 + n/2)d z \ —> 
[d z /2, (1 + 1 / n)d z ] is bi-Lipschitz, we have required properties. 

Step 2. Define a map T> : M —t M as 

• if x G U „ 6N iC„, O(x) := 0 Mi .(x), where ft* := min{ft G N ; x G K n }; 

• if x G M \ U O(x) = z. 

Take the measure n z := ( Id, We claim that n z satisfies all the properties 

required in Definition 3.11. It is clear that (pi)jj7r z = }i and n z (X x X \H(z )) — 0 by 
the construction. The last property “C mg is proven as follows. Let E G R>o 

be a Lebesgue negligible set, that is, m g (E) = 0. Since m g is also Hausdorff measure, 
nig((p(E )) = 0 for any bi-Lipschitz map (p : M —>■ M (see for instance [4, Proposition 
3.1.4]). Therefore, we obtain 



< £^(4>- 1 (E))= 0, 


Notice that the last equality follows since the sets ,(p n 1 (£), are Lebesgue negligible 
sets and }i <C m g . Hence, // is a reference measure for (A 4 , d,,). The same proof 
shows that m g is also a reference measure for ( M,d g ). Theorem 5.3 in [8] tells us 
}i ~ m g . For other one-dimensional spaces, namely, M = R, [ 0 , l\, S 1 (r), similar 
arguments work with slight modifications. To see that V is locally integrable, see 
the proof of Lemma 3.13 in below. ■ 

Lemma 3.13. Assume there exists a measurable function V : R —> [—00,00] such that 
a metric measure space (R,d£,m := e~ v EL 1 ) satisfies RCD*(K,N) for K G R, N > 1 . 
Then there exists a {K,N)-convexfunction W : R —> R such that 'H 1 ({x G R ; L(x) f 
W(x)}) = 0 . In particular, W is continuous and (R,dE,e“ w Tf 1 ) is an RCD*(K,N ) 
space, which is isomorphic to (R, d e, m). 

Proof Since m ~ TL l , e~ v is locally integrable in R and the set {x G X ; V(x) = 
{—00,00}} is TT 1 -negligible. First of all, we notice that for a given bounded Borel 
set Q C R, the integral of the negative part of 1 / on D is finite. Indeed, decompose 
V into the positive and the negative parts V = (V)+ — (V)_. Then, using, x < e x , 
we get 


[ (V)_ dU 1 < [ e^ v) - dU 1 < [ e~ v dU 1 = m( O) < 00. 
Jo. J Cl J Cl 
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For k» 0, take V k = min{ V, k}. V k is integrable w.r.t EL 1 and any other absolutely 
continuous measure. Fix a closed interval [a, b and denote by EL 1 even which is 
restricted on [a, b]. 

Claim 3.14. For any measure pi G V ( [a, b ]) that is absolutely continuous with re¬ 
spect to EL 1 and pi G V {Ent(-\EL 1 )), we have 

J V k dpi < Ent(pi\e~ v EL 1 ) — EntLppilEL 1 ) < oo. 

Proof. Note that the equivalence PL 1 ~ e~ V 'H ] and the integrability of the negative 
part of V imply fi G T> (Ent(-\e~ v EL 1 )). Since V k is integrable, we can write 

Ent{y\e- vk 'H}) = Ent^U 1 ) + J V k dpi. 

Let := — Nr defined on lR>o- Then, on IR>o, Un is negative valued, 

decreasing and convex. Let 

Siv(v|m) :=N+ Un(p) dm, 


then, from Sturm [37] and the fact EL 1 ([a, b}) < oo, we know that for any v G 
V 2 ([a,b\) 

Ent(v\m) = lim S^(v\m) ( = supS]v(v|w) ) . 

N->~ V N J 

Now, for the problem in hand, we have pi = p\e~ vk 'H 1 = P 2 P V EL ] which means 
pi < p 2 EL x -a.e. (since V k < V). We can now compute 


J V k dpi = Ent[}i\e~ v *U x ) - Ent{pi\V}), 


and 


Ent(pi\e Vk EL x ) = sup S N (pi\e Vk EL [ ) = sup 

N N 


= sup 

N 


N+ / —N 


N+ -N 


__dp__\ 1 

de- vk V}) 

( \“* 
dpi 

de-^n 1 


V s 


de~ v EL 1 


dpi 


p i 




< sup 

N 


f- N 

( \ 
dpi 

1 “1 

77 

dpi 

de~ v Ei\ 


\ P2 / 



= Ent(pi\e~ v EL 1 ), 
hence we get the desired result. 
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So now, let // := be the normalized Hausdorff measure on [a, b] and notice 

that we have f V k dtH 1 is increasing and bounded above. Hence by monotone con¬ 
vergence theorem and since Ent('H l \e~ v 'H ] ) — Enti'H} \Ti ] ) = Enf('H 1 |e“ y 'H 1 ) < 
oo, we get 

J V = lim I 14 < 00 ■ 

Take two distinct Lebesgue points xq, x\ G [a, b of V with respect to 'H. 1 , that is, to 
assume 

V (xj) = lim -f V(x)'H 1 (dx) , i = 1,2. (3.2) 

r^yOjBr(xi) 

Note that by the Lebesgue differentiation theorem, 

EL 1 ([a, b] \ {x G IR 1 ; x satisfies (3.2)}) = 0. 

Set := (T-L 1 (B r (xi))) 1 EL 1 |b,( X; ), where r is chosen small enough so that B r (x 0 ) (T 
M* 1 ) = Let Ent(p\v) := f x ^log dv. Since 

Entiple^EL 1 ) = Ent(p\EL 1 ) + Jvdfi, 

and by factoring in the(K, N )-convexity of the Entropy functional, we get 

exp ^-^Ent(p r t \n 1 )^j exp j Vdrfj 

> (^ 2 (^/ 1 )) exp exp f Vdp'^j (3.3) 

+ 4 !U W 2(^/1)) ex p ( _ ^ Enf (^i w1 )) ex P (“^ / • 

It is easy to see that W 2 (p r 0 ,pi[) = dt(x q,x\). Moreover, the measure p' t can be 

written as }i\ = ( EL 1 (B r (x t ))) EL 1 \ B r x \, where x t := (1 — t)xo + tx\. Thus, we 
compute 


En,( " ;|wl) " /,,<„> log ww^}) H ' (ix) = log mk^T) 

= Ent^n 1 ) = EntipWU 1 ). 

Taking the limsup of (3.3) as r —> 0, one gets 

ex P ( / Vd E r t) 


> 


°K^\d E {x 0 ,xi))exp f-^(xo)^ +a { ^(d E (x 0 ,x 1 ))exp . 
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In particular. 


exp 



(3.4) 


> ^y ) (rf £ (x 0 ,^i))exp 


( _ ^ y ( X °)) +^ N (d E { x o,xi))exp 


holds if x t is a Lebesgue point of V. Consider the function W which is defined by 

| V(x) if x is a Lebesgue point of V, 

|inf{ y .} {liminfy^ y^-)} otherwise, 

where, the infimum in the second line, is taken over all sequences {t/,} approaching 
to x. By the definition of W and by (3.4), we obtain 



Also TL X ({V -f W}) = 0 holds by the Lebesgue differentiation theorem. By [19, 
Lemma 2.12], W is a continuous function. The continuity of W implies a lower 
boundedness of W in any closed bounded convex set in [a, b]. This local bounded¬ 
ness together with [19, Proposition 3.3] will imply that the RCD*(K, N ) condition 
is satisfied by ([a,b],d£,e~ w 'H 1 ). On letting — a,b —> oo, we have 


TL 1 (IR \ {x G IR ; x satisfies (3.2)}) = 0. 
The same argument above leads to the consequence. 


Proof of Theorem 1.1. It is clear that (2) implies (3). Also (4) immediately implies 
(1), (2), and (3). According to the fact m(X \ 1Z) = 0, we know (3) => (1). Finally 
Theorem 3.7 says that (1) implies (2) and (4). 

Using Proposition 3.12 and Lemma 3.13, we know that (X, d, m) is isomorphic to 
(X,d, e-fTL 1 ), where / : X —» K is a (K,N)- convex function provided that (X, d) 
is isometric to (IR, d^). However, a similar argument works for S 1 , IR> 0 / and an 
open interval. Hence, each ( X,d,m ) is written in the form (X,d,e -'h0 ), where 
/ : X —» RU {± 00 } is (X, N)- convex and continuous on the interior of X. 

■ 

Proof of Corollary 1.2. By Lemma 3.3, IZj = 0 for any j > 2. Thus applying Theo¬ 
rem 1.1 let us obtain the consequence. ■ 

4. Spaces with Ricci curvature > K > 0, never collapse to circles 

In [16, Section 5], Colding proves that manifolds with positive Ricci curvature 
never collapse to a unit sphere of lower dimension. 

Theorem 4.1 (Colding [16]). Let M" be n-dimensional Riemannian manifolds with pos¬ 
itive Ricci curvature RicM t > (n — 1). Assume that Mf converges to a unit sphere S m . 
Then n = m. 
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In this section, we present a totally different proof of this result when m = 1 
by taking advantage of the convexity of the potential function V. Moreover, our 
presented theorem is a bit stronger (see Remark 4.3). 


Theorem 4.2. Let ( X,d,m ) be an RCD*(K,N ) space for K > 0, N G (1, oo). Then 
(X,d) is not isometric to a circle with its standard metric ( S 1 (r),d)for any r > 0. 


Proof. Suppose ( X,d,m ) is isometric to (S 1 (r), d, m). For simplicity, we omit r > 0. 
By Theorem 1.1, we are able to write m = e~ v vol s i for a (K, N)-convex function 
V. First to see where the contradiction comes from, we assume V G C 2 (S 1 ). Then 
V satisfies the differential inequality V" > K — (V') 2 /N (see the equation (1.2) 
in [ 19 ]). Since K > 0, we have V" > 0 at critical points. On the other hand, V 
has a maximal point Xo G S 1 since V is continuous and S 1 is compact. Therefore 
V"(x 0 ) < 0. This contradicts. 

Now for general case, we know that V is continuous (and in fact Lipschitz). Sup¬ 
pose x is a maximal point for V. Take Xq,X\ with d(x o,x) = d(x\,x) = d(x q,X\)/2 
and with d(xo, Xi) is sufficiently small. We may also assume 1/(xq) < V (xj ). By the 
definition of ( K , N) -convexity. 


ex P ( 


sin 


> 


d(x o,n) [k_ 

2 V N I ( l 

ex P[-Jj V ( x o) ) + 


sin ( d(x 0 ,xuy jj 

1 


sm 


d(x om) [k 


sin d(x o, xi 


exp 


2 cos 


d{x o,*i) [k 
2 V N 


> 


cos 


d{xo,x-i) pK 

2 V N 


eX P ( 


ex P ( ) + ex P ( ~T7 y ( x l) 


N 


> 


cos 


d(x o,Xl) IK 
2 V N 


ex P ( 



Since 0 < d(xo,xi) < npN/K, 


cos 




which is a contradiction. 


Remark 4.3. In Colding [16], sequences of n-dimensional closed Riemannian mani¬ 
folds with Ric > n — 1 are considered. Our Theorem 4.2 also applies to weighted 
Riemannian manifolds with boundary as long as RCD*(K, N ) condition for K > 0 
and N G (l,oo) is satisfied. 
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5. Further information on the measures 


5.1. Bishop-Gromov type inequalities. In this section, we prove useful Bishop- 
Gromov type inequalities for RCD* ( K , N ) spaces. 


Definition 5.1. Let (X, d, m) be a metric measure space. We define a boundary mea¬ 
sure ( known as co-dimension 1 measure), m_i, as follows. Let 5 > 0 be a sufficiently 
small number. For a Borel set A C X, define 

{m-i)s(A) := inf \ ^rf^B^x,-)) ; r t < 5, (J B r .(xi) D A, I: countable 
l iel iei 



and. 


m-i(A) := ]im(m-i) s (A). 

S- S>0 


Let SK,N(t ) for N > 1, K G 1R be the following: 


SK,N(t) ■= < 


r sin (V^T) 


sinh(f 


N—1 - 


if K > 0, 
if K = 0, 
if X < 0. 


Bishop-Gromov type inequalities for boundary measures hold on Ricci limit spaces 
(see Honda [26]). The same is also true for RCD* (K, N) spaces. 


Theorem 5.2. Let (. X,d,m ) be a metric measure space satisfying RCD*(K,N ) condition 
and m_i, the boundary measure. For any point xq E X and any t > 0, we have 

m_i(aB f (* 0 )) < 2 ■ 5 N_1 • m(B t (x 0 )) ■ (5-1) 

Jo 

Proof. Let F(r) := JJ Sj^ n(s) n_1 ds and fix xo G X, t > 0. Let <5 > 0 be a small 
positive number satisfying 0 < <5 < f/200. It is trivial that 


(J B *( x ) D dB ti x o)- 

xedBf(xo) 


Since dB t (x o) is compact, we can apply a covering lemma argument (as in [4, The¬ 
orem 2.2.3.]) to get a finite family of points {x,} !(E f C 9B f (xq) such that {B^(x ; )} ; - 6 j 
are mutually disjoint and UjBs^X;) D 9B t (xo) holds. It is clear that Bs(xj) C 
B t \ B f _^(xo). By the Bishop-Gromov inequality, we obtain 

m(B t+ s(xo)) < y^Qm(B t -i 5 (x 0 )). 


Since F is smooth. 


Ht-s) 

F(t + 5) 


= 25 ■ 


F(t + 5) 


+ o(5), 


(5.2) 
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holds by the Taylor expansion at t — S. Then from (5.2), we compute 

m(B t+s {x 0 ) \ B t - S (xo)) = m(B t+s (x 0 )) - m(B t _ s (x 0 )) 

< m(B t+s (x 0 )) - m{B t+ s{xo)) 

= 23 ' p Jf + m ( B t+si x o)) + o(5). 

Therefore, 

(m-i)s(dB t (x 0 )) < Y2( 53 )~ lm ( B 5s(xi)) 

iei 

= (5 ^ ) ' 1 ^ m (u Bs(xi)^J 

< (5 Sy 1 ^-m(B t+s (x 0 ) \ B t _ s {x 0 )) (5.3) 

< 2 • 5- 1 ■ ^^m(B t+s (x o)) + (5.4) 

Letting —* 0 in (5.4), we get (5.1). ■ 

Remark 5.3. Suppose dB t (xo) is inside a geodesically convex subset, X' with diam(X') < 
D. Then, In the virtue of the Levy-Gromov isoperimetric inequality for RCD* ( K , N) 
spaces that is proven in Cavalletti-Mondino [9], one gets 

m + (B t (x 0 )) > T k ,n,d {m (B t (x 0 ))) . (5.5) 

where, Ik,n,d (■) i s the Milman's model isoperimetric profile (see Cavalletti-Mondino [ 9 ] 
and Milman [31] for the precise definitions). Our Theorem 5.2, in contrast to the 
Levy-Gromov isoperimetric inequality, provides an upper bound for the surface 
measure m-\ (dB t (x o)) in terms of rn (B t (x o)). Notice that the two surface mea¬ 
sures, m + and in i are a priori different but comparable in one direction on spheres. 
Indeed, by (5.3), we have 

M-.QB.fa)) < 5"- 1 lim 

6 -> 0 5 


m(B t+s \B t -s ) = m{B t+ t) - m(B t ) 


< m( B t+s) ~ F f( f )^ w ( B 0 
= m(B t+& \ B t ) + F(t) ~/^~ S) ”i(Bt), 


Since 
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we obtain 

m_i(9B f (x:o)) < 5 n_1 ^ m + (B t (x 0 )) + _ 

A direct consequence of the inequality (5.1) is the following. 

Corollary 5.4 (finiteness of boundary measures). For an RCD*(K, N ) space (X, d, m ), 
the mass of the boundary of a ball, measured by the boundary measure m_ \, is always finite. 

Corollary 5.5 (Bishop-Gromov type inequality). Let ( X,d,m ) be an RCD*(K,N ) 
space with supp m = X. Assume that X is not the single point space. Fix a point y G X. 
Then, for any R > 0 and each x G Br(j/), Biere exists a constant C = C(R,y ) such that, 

m(B s {x)) < Cs, (5.6) 

holds for any s G (0,1]. Moreover, 

m_ 1 (3B s (x)) < C. (5.7) 


Proof Once we prove (5.6), (5.7) will directly follow by using Theorem 5.2. Fix 
y G X and R > 0. Take xq G Bp(y) with d(xo,y) = t. Choose 0 < 5 < t/ 200 
such that Bs(xo) C B t +s(y) \ B t _$(y). Since 9B t (y ) \ B^ixo) is compact, using the 
same covering argument as in the proof of Theorem 5.2, we can find a finite family 
of points {xi}j e i C 9Bt(y) \ B^{xo) such that {fb(x,j / are mutually disjoint and 
dBf(y) \ Bss(xo) C Ui e iB 5 s(xi). Note that, by the construction, B$(x q) (T Bs(xf = 
0 for any i G I and (U ! - 6 /B 5 ( 5 (x ; )) U Bss{xo) D dB t (y). Thus, repeating the same 
calculation as in the proof of Theorem 5.2, we write 

+ ^(5Srhn(B 5sM ) 


<2 ■ 5 n_1 


F(t + S) 


m(B t+s (y )) + 


8 


Upon letting 5 —> 0, we obtain 


(5.8) 


Notice that, these calculations actually imply that the small scale volume growth at 
any point is at most linear so we can write m(B t (y)) < Ct for some C > 0. 

Also notice that 

tF'(t) 

lim—V < C{K,N ) < oo. 
f—K) F(t) - v ; 

Therefore, the RHS of (5.8) is bounded by 

C(K,N,R) := 2 ■ 5 N_1 sup tF'(t)/F(t) < oo. 
fe(o,R] 


Hence, 


m(B s {x q)) < C(R,y)5, 
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holds for small 3 > 0. The inequality (5.2) and the proof of Theorem 5.2 give the 
conclusion. ■ 


Corollary 5.6. Let (X, d, m) be an RCD* ( K, N ) space. Let (W, dw, mw, oo) be a pointed 
proper geodesic metric measure space. Assume that 

xW,d E x d w ,C k x m W/ (0 E/ co)) , 

is a tangent cone at x G X. Then, 

limsup mn{B f W)) <C[i.R)<^. 

>0 ° 

Proof. It is implicit in the splitting theorem applied to (R k xW,d E x dw, C k x mw, (0 E , to) ), 
that (W, dw, uiw, to) is an RCD*( 0, N — k) space. The desired conclusion, then, fol¬ 
lows from Corollary 5.5. ■ 


5.2. Higher dimensional case. 

Proposition 5.7. Let x be a point in W£ i. Then 

liminf m{BAx)) =0. (5.9) 

r—>0 r 

Proof. By the definition, there exist a sequence of positive numbers {r z } tending to 
0 as i y oo and a proper geodesic space (W, d w , m w ) such that 

(X,d ri ,m*.,x) —x |RxW,4x dw,C x x mw, (0 E ,m)^ , 

in the measured Gromov-Hausdorff sense. In the virtue of Corollary 5.6, mw(B r (iv)) < 
Cr. Since B r (0 E ,w) C B^ r (0 E ) x we obtain 

C 1 x m w (B r (0 E/ w)) < £ 1 (By 2 r(°E)) m w( B q 2 ,-( w )) < Cr 2 . 

Note that Corollary 5.5 implies m{B r {x)) < Cr. Therefore for given arbitrary e > 0, 

, .m(B r (x)) , m(B er .(x)) 

liminf v n ” < lim v ,y ” 


r-¥ 0 


= lim 

i— Mx> 


eri 


K (B? r, (x)) 


er { 


■ f 1 — —d(x, ■) dm 

hr Ax) n 


< C lim 

i—t OO 


mf. (jB^fx)^ 


= C 


C 1 x m w {B e (0 E ,w)) 


< C'e, 

holds. The arbitrariness of e immediately implies (5.9). 
Consider a set M. 1 defined by 

M.\ := {x G X ; (5.9) holds at x} . 
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Lemma 5.8. For given r > 0, the function x y m(B r (x))/r is locally Lipschitz and in 
particular, locally uniformly continuous for r > 0. 

Proof. A similar argument as in the proof of Theorem 5.2 can be applied here too 
( also see Lemma 3.1 in [29]). For the reader's convenience, we give a proof. The 
notations below are as in the proof of Theorem 5.2. Fix a point x £ X. Take another 
point y £ X. For simplicity, set d := d(x,y). Take a midpoint z £ X, that is, 
d(x,z ) = d(z,y) = d(x,y)/2. We have 

m(B r (x )) < m(B r+d/2 (z )) < j^^^ m(B r _ d/2 (z)). 

Therefore, 


m (B r (x) \ B r (y )) = m(B r (x )) - m(B r (x) n B r {y)) 

< m(B r (x)) - m{B r _ d/2 (z)) 

F (r d/2) ^ _|_ 0 ^\ m fB r { X )), 


F(r + d/ 2) 

for small d. Interchanging the role of x and y, gives 


m(B r (x)) m(B r (y)) 


< -m(B r (x)AB r (y)) 


1 

< - 

r 


< C 


F'{r — d/2) 
F(r + d/ 2) 
F'(r — d/2) 
F(r + d/ 2) 


d + o(d) > (m(B r (x)) + m(B r (y ))) 


d T - o(d) 


(5.10) 


The right-hand side in (5.10) is independent of the choice of x, so using Corol¬ 
lary 5.4, we have the conclusion. ■ 


Remark 5.9. In (5.10), we have F' (r)/F[r) —> oo as r —» 0 and therefore, it does not 
tell us anything about the modulus of continuity of . If we, a priori, assume 

the uniform continuity for r > 0, we can prove that 

M,.= (xA iminf , " (i y )) =o|. 

\ r-f o J 

is closed. 

Proposition 5.10. Suppose m ( Br ( x ^ is uniformly continuous for r > 0, f/zen A4i zs a 
closed set. 


Proof. Suppose not. Let x G M.\ \ M.\. Hence, there exists a constant C > 0 such 
that C < lim inf r ,o m(B r (x)) / r. Take a sequence y, G converging to x. For 
sufficiently small r > 0, we have C/2 < m(B r (x)) /r. By Lemma 5.8, 

|m(B,-(x)) — m(B, (y,))| < Cr/4 for large i. 
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Therefore, we obtain 


C < m(B r (x)) < m(B r (\ji)) C 
2 — r ~ r + 4' 

for any small r. This contradicts y, £ M[. ■ 


Corollary 5.11. Let ( X,d,m ) be am RCD*(K,N) space for K 6 1R ,N6 (1, oo). Assume 
that there exists a point x E X such that 

,. . m(B r (x)) 

limmf — > 0. 

r-y 0 r 

Then (X, d, m) is isomorphic to one of the metric measure spaces given in Theorem 1.1. 


Proof. Since Adi is closed, X \ Adi is open. Therefore a small open neighbourhood, 
17, of x is in X \ Adi. Since m(U) > 0, m(U fl 72) >0. However Proposition 5.7 
implies U C X \ W£i C X \ U/>272y Accordingly, 72i f 0. Theorem 1.1 implies 
the consequence. ■ 


We can generalize the statement of above propositions in the following way. De¬ 
fine 

M k :=IxeX; HmW = 0 1 . 

[ r-> 0 r k J 

The closeness of Adjt can be proven just in the same way as in Proposition 5.10. 
Then we conjecture: 

Conjecture 5.12. Suppose is uniformly continuous for r > 0, then 

Mi C Ad*. (5.11) 


Remark 5.13. The Conjecture 5.12 is deeply related to a relation between given mea¬ 
sure m and Hausdorff measure on regular sets. We speculate that, (5.11) being true, 
would imply that m restricted to 72* is an Ahlfors k -regular measure, (also see the 
related work by David [ 18 ]). 


Appendix A. Explicit details of the proof of Claim 3.8 

Here, we will show that the K— convexity of the entropy fails under the branch¬ 
ing phenomenon (even when the branching time is not the same but rather within 
a short time interval) as in Claim 3.8. One should keep the tripod example in mind 
while reading these computations. 

We will be using the same notations as in the Claim 3.8 and almost the same 
calculations as in [36]. 

As we observed in Claim 3.8, one obtains two mutually singular measures n 11 
and n d (in the tripod space analogy, the superscripts d and u mean up and down 
referring to the plans supported on either the upper or lower branches). 

0 ^ I 

The trick is to write the K— convexity of Entropy along the measure curve 
at "fixed" times, t = b (a very small positive number less than a), t = a and t = 
a' = a + e and along the measure curves -f and -f at "fixed" times t = a, t = a' = 
a + e and t = 1. Recall that all the branching is happening within the tiny time 
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interval (a,a') and hence, these two measure curves coincide for times t < a. The 
computations are similar to Step 7 in Rajala-Sturm [ 36 ]: K— convexity of Entropy 

along the measure curve 1 implies that at times, t = b , t = a and t = a = a + e, 
one has 


Ent 


< 




m = 


p t° 4 dm 


+ 


e + a — b 
|fC| e(a — b ) 




2. (u £ — 


^2 W 2 


a — b 
a + e — b 
n A + tc 


Pa+e + Pa+e Pa+e + Pa+e 


2/5 


2/5 


/ ( e a+e) (j 


nr + n 1 ' 


II. 


Since suppp“ +e and supp p d n+e are mutually disjoint, we can proceed as 


/ 


p l ‘ +£ + p d a+£ log p“ +e + 4 +e dm 


2/5 


2/5 


1 

2 

1 

2 

1 

2 


L 

l 

J 


supp;i“ + 


Pa+£ log P -^ d rn- 


/5 

Pa+e 

/5 


2/5 

log P*±* dm 


\L 


/5 


swppK+e 

P -f l °Z P -f dm+ 2 


u 


4±f_ 1 0 Pfl±£ 
SUPP /a+e P 2/5 

|0 «+ e log f«+ e 


SUPP^+ e 


/5 


/5 


\s 


A«log%«im-log2. 


/5 


/5 


dm 

dm — log 2 


Both supp (eo)*((7r“ + 7T rf )/2/3) and supp (ei)*((7r“ + zr rf )/2/3) are contained in 
B )? /„2 (x) . For large ft, every geodesic connecting a point in the former and a point in 
the latter is also contained in £>, ? (x). This means the Wasserstein distance between 
these measures is at most;/. Thus, 


(<•*>• 

< (a + e — b) 2 W I 

< (n + e — b) 2 }] 2 . 



( e o) 


(^n+e)* 


7l" + 7T d 


n u + n d 


2/5 


2/5 , 


7T" + 7T rf \ \ 


d{e b ) l j 7r rf 

dm 


< C, 


Now, using the density estimate 






























34 


YU KITABEPPU AND SAJJAD LAKZIAN 


we can continue as follows 


II < 


e C \K . 9 a — b 

- log — + -— -e(a — b)ri~ -- 

a+e—b 6 2 a+e—b 


log 2 


a — 


< 


2 (a + e — b) 
£ 


(/ 


^log d±e dm + 


P 


P 


/ 


rt+Mog 


, c |K| , ., 2 

a + £ — b & /5 2 ' a + £ — b 


P b P 

h 

log 2 


a — 


2(a + £ — b) 
a — b 

2 (a + £ — b) 




dm 


1 — a — £ 
1 — a 

1 — a — £ 


/ n a n d I ix| 

j log ^ dm + y e(l 


— 







The above is equivalent to 



P d 

ra 


dm < 


1 — a 



(1 — a) (a — b) 
£{\-b) 


log2 + (a - &)(1 



(A.l) 


Taking into account (A.l), We can approximate the entropy of n u /ft at time a + e 
by 


/ 


p'i . F , Pnir , , C . ( a — £ a + £ — b 

— log P — dm < log - - (1 - a - e) log 2 


(A.2) 


On combining the upper estimate (A.2) and the lower estimate (3.1), we obtain 


e log 


10m(B(x,tj/2)) 


— log C)<— (1 — a — e) log 2 


a — b a(a + e — b) 
1 - b 3 


(A.3) 


The right-hand side of (A.3) is strictly negative (think of b \ 0) while the left- 
hand side approaches to 0 as e goes to 0 (recall that e —> 0 as n —> oo). This is a 
contradiction. 

It is easier (computation-wise) to get the contradiction using the Renyi entropy 
instead of the Shannon entropy as we demonstrate in below. For simplicity we 
assume /3 = 1 and K > 0. For general K, one would need to also incorporate 
torsion coefficients in the K— convexity estimates and the contradiction will follow 
by letting e —> 0 and then, N —> oo (notice that for any K, the torsion coefficients, 
£7fr(f) converge to t as N —> oo). These computations are similar to those carried out 
in Rajala [ 35 ]. 
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1- 


77 


dm 


> 


/ M 


i- 


e + a — 

|K| e(a — b) 

2 (a + e — b)- 


dm + 277 


-l 


a — b 


rWf (e b ) t 


n d + n u 


+ e — b I (^ +e + P “ +e 

/ (?a+e )D 


1- 


dm 


7T d + 7l“ 


■ 277 


-1 


a — i 


(a + e — b) \1 — a 


,A 1- n 


dm + 


1 — a — e 
1 — a 


^ ~ dm — -^p-e(l — a — e)// 2 

(\-^~ a J dm + 1 1 <1 _ a 6 J (Padm - ^e(l - a - e)^ 


■277 


= 277 


-1 


fl — i 


(a + e — b) 
a — b 


a + e — i 


1 — a — e 
1 — a 


d\ 1 — 77 


dm —2 n 


a — b 


a+e—bJ 2 


^e(l -a-e)i] 2 


Now, on letting e —>■ 0, we get 


~ N dm>2* J (p{) 

which is an obvious contradiction for any N. 


l- 


17 


dm, 
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